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Affine Spaces and
Coordinate-Free Formulation



Points

Point p
®

Point q

* What does it mean to “add” two points?
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If we assume coordinates...

p = (X1, y1)
o

o U= (x22)

» We can compute: (x; + x5, V1 + V5)

* |s this correct ?
* |s this meaningful ?
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What are we really doing?

-
-
-
-
-
-
-
-
-

-> Vector addition from the origin

* P, q -2 vectors from the origin
* Requires an origin
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If we change the origin...

(Xat+X2, Y1tYy2)
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-=> The result changes

 This operations depend on the coordinate system
(undesirable)

Hanyang University CSE4020, Yoonsang Lee, 2026



What's the problem?

We tried: adding two points

Problem:
— The result depends on the choice of origin
— Different coordinate systems — different results

This Is undesirable because:
— Geometry should not depend on arbitrary choices

— The same geometric configuration should not produce different
results under different coordinate systems

=> Adding two points is not coordinate invariant
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What do we want?

« Goal:
Describe geometry independent of coordinate

system.

« =>» Coordinate-free (coordinate invariant)
formulation
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Key ldea: Points # Vectors

vector (g-p) @
/Pomt q
* Point = position

_ Pointp @
» Vector = displacement
-> Mixing them caused the problem we saw

 |f an origin is chosen:
—> a point can be represented as a vector

* But:
A point # a vector (in coordinate-free formulation).
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Analogy: Time vs Geometry

 datetime = position In

point = position

time .
. .  vector = displacement
 duration = displacement
In time
* You cannot:
 YOu cannot: — point + point

— datetime + datetime

» But you can: * But you can:

— datetime + duration - po!nt + Ve_CtOF
— datetime — datetime — point - point
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Vector and Affine Spaces: A Structure for Geometry

 We need a mathematical structure where these rules are
built In

* \ector space
— Consists of vectors with associated operations
— No points (so It cannot represent positions)

« Affine space
— Consists of points & an associated vector space
— Supports operations involving points and vectors

 Affine space Is exactly the structure we need
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Vector Spaces

A vector space consists of:

— A set of vectors

— Closed under two operations:
* Vector addition
 Scalar multiplication

 Linear combinations remain In the space.

Ug,uq, -, uy €V = coug+ciuqy +--+cyuy €V

(Linear combination = a weighted sum of vectors)
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Affine Spaces

A affine space consists of:
— Aset of points
— An associated vector space

e Supports:
— Vector space operations (on vectors)
— Additional operations involving points:

* point — point

* point + vector

— But: point + point is not defined
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Coordinate-Free Geometric Operations

* These are exactly the operations we just discussed.

* \We can categorize these operations into three basic

types:
— Addition

— Subtraction
— Scalar multiplication

« They are defined without relying on coordinates,
and behave differently for points and vectors.
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Addition

Vector addition:

u-+yv V

u + v = vector
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Point—vector addition:

p+w

P
p +w = point



Subtraction

Point—point subtraction: Point—vector subtraction:
Vector subtraction:
P P-W
u u-v P-9 W
V
q P
u-v -> vector P - q =2 vector P - w -2 point
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Scalar Multiplication

Vector scaling: Point scaling:

C * Vv =cV (vector) 1+ p =p (point)
O+ p =0 (zero vector)

c * p 2 undefined (otherwise)
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Affine Frame

« Coordinate-free is conceptually clean, but to compute, we
need coordinates.

« A frame defines a coordinate system.

in 3D space
 To define a coordinate system, we choose: ;..
— An origin point o
— Basis vectors {vi, ..., Va} : Three vectors
and a point

« Then every point and vector can be represented by
coordinates (ci, ..., Cn).

— pP=0+ciVi+ -+ cuVp (point)
— V=ciVi + -+ + c,Vy (Vector)

Hanyang University CSE4020, Yoonsang Lee, 2026



Summary: Points # Vectors

* point + point — undefined
* point — point — vector

* point £ vector — point

* Vvector = vector — vector

* scalar - vector — vector

 scalar - point:
= point (c=1)
= vector (c=0)
= undefined (otherwise)

So how do we represent this in a coordinate system?
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Points & Vectors in Homogeneous Coordinates

 \We can encode the difference between points and
vectors using homogeneous coordinates.

« A 3D point is represented: (X, V, z, 1)
« A 3D vector Is represented: (X, Y, z, 0)

« The last coordinate (1 vs 0) encodes the difference
between points and vectors.
—> This lets us treat points and vectors in a unified way.
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Geometric Operations in Homogeneous Coordinates

(X1, Y1, Z1, 1) + (X2, Y2, Z2, 1) = (X1 tXz, Y1t+Y2, 21+22, 2)
point point undefined

(X1, Y1, 21, 1) - (X2, Y2, Z2, 1) = (X1-Xz, Y1-Y2, Z1-Z2, 0)
point point vector

(X1, Y1, 21, 1) + (X2, Y2, Z2, 0) = (Xa+Xz, Y1tY2, Z1+2Z2, 1)
point vector point

(X1, Y1, 21, Q) + (X2, Y2, Z2, 0) = (X1 +X2, Y1tY2, Z1tZ2, 0)
vector vector vector

C * (X1, Y1, Z1, 0) = (CX1, €Y1, CZ1, 0)
vector vector

C * (X1, Y1, Z1, 1) = (CXy, CY1, CZ3, C)
point undefined  (if c#0,1)
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Affine Transformations in Homogeneous Coordinates

* Applying an affine transformation:

-] -6

point — point vector — vector

 Translation affects points, but not vectors.
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Quiz 1

* Go to https://www.slido.com/
* Join #cg-ys
* Click "Polls"

« Submit your answer in the following format:

— Student ID: Your answer
— e.¢. 2024123456: 4.0

* Note that your quiz answer must be submitted in the
above format to be counted for attendance.
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Coordinate System &
Reference Frame



Coordinate System & Reference Frame

YH

« Coordinate system |
. . Z
— A way to assign numbers to points X_,/ “X

Z

Cartesian (2,Y,2 Companents) Cylindrical (B.9,2 components)
cookdinate  systern 0G5, Oh coordingte systern 1{C5, T

 Reference frame

— A coordinate system anchored to a specific - Three vectors
origin and basis and a point

* These two concepts are slightly
different,
but are often used interchangeably In
practice.
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World Frame vs Body Frame

« World frame (or coordinate system)

— A frame (or coordinate system) attached to the world.

— a.k.a. global frame, fixed frame

« Body frame (or coordinate system)

— A frame (or coordinate system) attached to a moving object.

— a.k.a. local frame

local
Pworld coordinate system

world and local [-0.31,1.44,-2.49] . ¥ #
coordinate system
coincide transfgrm _
Pworld = Plocal Plocal -

[-0.5,0.5,-0.5]
= [-0.5,0.5,-.5] ° transform

1 . M
II l|
Y o ™
— coordinate system

[a} {b] © www.scratchapixel.com
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blue: world frame
red: body frame

https://commons.wikimedia.org/w

iki/File:Euler2a.qif
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Affine Transformation Matrix



Three Interpretations of an Affine Transformation Matrix

« An affine transformation matrix can be understood in three
ways:

e 1) Transforming a Geometry (expressed in World Frame)

« 2) Defining a New Frame (w.r.t. World Frame)

— W.r.t. = with respect to
— expressed in that frame

« 3) Changing the Representation of a Point (from Body
Frame to World Frame)
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1) Transforming a Geometry

(expressed in World Frame)

translate, rotate, scale, ...

/ {0} - world frame Every vertex position (w.r.t. the world frame)
of the cube is transformed to another position

(w.r.t. the world frame)
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Review: Affine Frame

« An affine frame (for a 3D space) Is defined by
three vectors and one point

— Three vectors for X, y, z axes
— One point for origin

: Three vectors
and a point
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World Frame

« The world frame is usually represented by
— Standard basis vectors for axes : e,, €,, €,
— Origin point:

=0 1 0]"

00 0'=0 e, =10 0"
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Let’s transform a ""world frame""

« Apply M to this "world frame", that Is,

— Multiply M with the X, y, z axis vectors and the origin
point of the world frame:

X axis vector y axis vector

myy M1z M3 Ug| |1 miq mir M1z M3 Uy | [0 M2
Mao1 Moy Moz Uy | 0]  |ma Mo1 Moy Moz Uy | (1| Mmoo
m3y Mgz M3z Uz | |0 mai msy Mgz M3z Uy | (0 mgsa
0 o o 1[0 | 00 0o 1] [0
Z axis vector origin point

mi1 M1z M3 Uy | |0 mis myp Mz M3 Uy | |0 Uy
Mao1 Moz Mag Uy | (0]  [mag Mo1 Moy Moz Uy | (0 _ | Uy
mg1 M3z Mgz U, ||l mg3s mg1 Mgz M3z Uz ||0 U,
0 0 0 1]|0 [0] 0o 0 0 1
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2) Defining a New Frame
(w.r.t. World Frame)

,

1,
o

P {1} - transformed
body frame
éy -mu miz MMy3 Ua:- iz
M — |[EEm (1122 B Uy
m3p M3z M33 Uz
BON PO~ N 1
b, oo
) @==p=p €, xaxis Czaxis
Vector y axis yector J . of the transformed frame {1'}
. vector PO expressed in the world
c. {0} - world frame frame {0}

{1} - initial body frame
{0} and {1} coincide
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Examples

local
coordinate system
world and local
coordinate system
coincide

/\ £ T origin
- o point
The object's body > coordiﬁ:tgdsystem The object's body
frame is defined by: (a) (B) o wwwscratcnapecom 1rAME 1S defined by:
1 0 0 0] Ny Mig M3 Up

Mo1 Moz Moy U

=} ‘ M=

/ \ M3 M3z M33 U3
d | NN NON E 1
X axlIs AN origin  of the body frame X axis — \

vector Y axis - zaxXIs yint  represented in the world Jector yaxis - zaxis
vector vector frame vector vector

o o O
oS O =
o = O
_ o O
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3) Changing the Representation of a Point
(from Body Frame to World Frame)

{1} (1,1,0)

p{l} Standing at {1},

- {1} observing p
pit} is the position of p
w.r.t body frame {1}
_-*7 pO=Mpt
. Standing at {0}, observing p
/Q_V pt% is the position of p w.r.t. world frame {0}
{0}
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3) Changing the Representation of a Point
(from Body Frame to World Frame) Because...

=(1,1,0)
\ P

Let s say we have

the same cube R
object whose pjlé (1 1, 0)

body frame
coincides with ._">
the world frame o .
/ {0} Then, it’s a just story of

transforming a geometry!
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Direction Depends on Interpretation

{1}
o
Geometry moves \./
V '

@ >
/ g — . Geometry moves (1%t interpretation)
{0}

(world frame)
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Direction Depends on Interpretation

{1}

Geometry moves /\\;%/

pith=(1,1,0)

- Frame changes
//’p{O}:Mp{l}

o> _ _
/ — . Geometry moves (1%t interpretation)
{0} «— : Frame changes (3" interpretation) - {1}->{0}
(world frame)
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Quiz 2

* Go to https://www.slido.com/
* Join #cg-ys
* Click "Polls"

« Submit your answer in the following format:

— Student ID: Your answer
— e.¢. 2024123456: 4.0

* Note that your quiz answer must be submitted in the
above format to be counted for attendance.
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These Concepts Apply to Any Reference
Frame!

o. 10 }
< (world frame) -~
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{0} to {1}

Reference Frame: {0}

éy
¢
0}. -;Oﬁ}- e, /m fopa{l}: @10
C.
(world frame) B
{1}

* 1) M, transforms the geometry expressed in {0}
* 2) M, defines frame {1} w.r.t. {0}

» 3) M, changes the representation of the point from {1} to {0}
— p,O=M,p, 1
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{1} to {2}

~

]

Y
‘ opb{z} (l 1, O)

p % .
Reference Frame: {1} {2}

/Mz

} ~
W

* 1) M, transforms the geometry expressed in {1}

* 2) M, defines frame {2} w.r.t. {1}

» 3) M, changes the representation of the point from {2} to {1}
— pB=M,p, &
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{0} to {2}

~

]

Y
% opb{z}_ (l 1, O)

p‘r .

Reference Frame: {0} M M2
1

ey

0 fs &,
} (0}

(world frame)

* 1) M;M, transforms the geometry expressed in {0}

* 2) M;M, defines frame {2} w.r.t. {0}

* 3) M;M, changes the representation of the point from {2} to {0}
— Pt¥=M,p, 13, ppt%=M;p,tH=M;M,p, %}
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Interpretation of Composite
Transformations



Revisit: Order Matters!

If T and R are matrices representing affine
transformations,

* P'=TRp
— First apply transformation R to point p, then
apply transformation T to transformed point Rp

* p'=RTp ” Q\%

— First apply transformation T to point p, then
apply transformation R to transformed point Tp

Rotate then Translate

w.r.t. world frame! el e i
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Interpretation of Composite Transformations #1

* An example transformation:
M =T(x,3)-R(-90°)

* This 1s how we’ve interpreted so far:
— R-to-L: Apply in world frame

ol R(-90°) L, T(x3)

P'=Rp p"=T(Rp)
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Interpretation of Composite Transformations #2

* An example transformation:
M =T(x,3)-R(-90°)

« Another interpretation of the SAME matrix:
— L-to-R: Apply in body frame

p'=Tp
0 /+ m/ T(x,3) R(-90°)
: / > > : >>
M :|/v M=T / _>\

| M=TR ™ pi=TRp
(M defines the body frame w.r.t. world frame)
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Pre-(left) & Post-(right) Multiplication

* p'=M;M,p (pre-multiplication by M,)
— (R-to-L)
— 1) M,p: Apply M, w.r.t. world frame to a point p represented in
world frame.

— 2) M;M,p: Apply M, w.r.t. world frame to a point M,p represented
in world frame.

* p'=M;M,p (post-multiplication by M,)
— (L-to-R)
— 1) My Apply M, w.r.t. body frame I (world frame) to update body
frame to M,
— 2') MM, Apply M, w.r.t. body frame M, to update body frame to
MlMZ
— 3') M;M,p: Locate p in body frame M;M,

- Same formula, different interpretation
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[Demo] L-to-R & R-to-L Interpretation

Transformation demo

An interactive demo for experimenting with 2D transfoermation matrix composition.

+ Translate || + Scale || + Rotate || + Shear || Reset

https://observablehg.com/@esperanc/transformation-demo
Add translation and linear transforms in various orders with '+' buttons.
Drag the slider to see the matrix value change and the shape transform.

Interpret the meaning of composite transformations in L-to-R and R-to-
L order.
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L_ab Session

* Now, let's start the lab today.
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